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We revisit our previous proposed conjecture – horizon creates a local instability which acts as
the source of quantum temperature of black hole. It is found that a chargesless massless particle
moving along the null trajectory in Eddington-Finkelstein (EF) coordinates feels instability in the
vicinity of the horizon. Such instability is observer independent for this particle motion. Moreover,
an observer associated to EF coordinates finds the local Hamiltonian as xp where p is the canonical
momentum corresponding the coordinate x. Finally, using this Hamiltonian we notice that at the
quantum level this class of observers feel the horizon as thermal object with temperature is given
by the Hawking expression. We provide this by using various techniques in quantum mechanics
and thereby bolstered our earlier claim – the automatic local instability can be a mechanism for
emerging horizon as a thermal object. In this process, the present analysis provides another set of
coordinates (namely EF frame), in addition to our earlier Painleve ones, in which the null trajectory
of the massless particle is governed by xp type Hamiltonian in near the horizon regime.
I. INTRODUCTION AND MOTIVATION
The study of thermal and geometrical properties of
black hole horizon and their intimate relationship with
the dynamics of particle motion near it is one of the
phenomenological interest in recent time. It has been
observed that horizon may introduce chaos in a system
whenever the system comes under the influence of it [1–
8]. In a recent work [9], similar thing has been discussed
in case of string around charged black brane. In history,
chaotic dynamics in the presence of horizon has been ex-
tensively studied but the reason behind this fascinating
feature of the horizon is yet to be completely understood.
Similarly, why all the horizons (static or stationary) clas-
sically give the same phenomenological feature is also an
essential question on this note. The investigation has not
been limited in the classical scale only, and people have
tried to expound the chaotic dynamics of the horizon in
quantum regime as well. The phenomena of quantum
chaos are mainly examined by the behaviour of the out-
of-time-order correlator (OTOC) of some quantum oper-
ator [10, 11]. The characteristic exponential growth of
OTOC in those cases is the signature of quantum mea-
sure of chaos [10, 11].
However, one crucial noticeable point is that, whenever
we mention about chaos, there must be some instability
factors associated with the system which characterises
its chaotic feature. This is known as Lyapunov expo-
nent (see [12] for a detailed discussion). One recent dis-
covery on the upper bound of the Lyapunov exponent,
predicted in Sachdev-Ye-Kitaev (SYK) model [10], has
made things very interesting. In the classical picture, it
has been found in [2, 4] that for any static or stationary
black holes, the radial motion of the particle grows expo-
nentially in the near horizon region. The upper bound of
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the instability factor in this case theoretically comes out
to be consistent with that of SYK model. This has been
verified numerically as well 1. In all those cases the up-
per bound on Lyapunov exponent is determined by the
surface gravity of the black hole. Since, it is well known
that the surface gravity is related to Hawking tempera-
ture [15, 16], therefore, this upper bound is dependent
on the temperature [10, 17]. In a recent paper [18] au-
thors have demonstrated that this upper bound of the
Lyapunov exponent can be verified in an experimentally
realisable setup using a trapped ion technique.
In fact there are evidences about the connection be-
tween the instability of the system and its corresponding
quantum thermality. The original work of M. Srednicki
[19] suggested that a chaotic system naturally incorpo-
rates thermal behaviour. Recently Morita [20] in a simi-
lar note suggested that an unstable classical mode, char-
acterised by a fixed value of Lyapunov exponent, cannot
have zero temperature in the quantum scale. One of the
extensively investigated unstable system in this direction
is an inverse harmonic oscillator (IHO). At the classi-
cal level the IHO provides instability and people found
that quantum temperature can arise from it which is de-
termined by the instability factor. A notable feature of
this analysis is that the obtained temperature is a pure
quantum consequence and so in the classical limit it does
vanish. All these findings indicate that the there is a close
connection between the instability and the pure quantum
temperature. More precisely, this instability at the clas-
sical level can be a source of a pure quantum temperature
of a system.
Contemporary works of Bekenstein [21] and Hawking
[15, 16] indicate that black hole horizon is a thermody-
namic object. Interestingly, the horizon temperature is
1 There are few cases [13, 14] which indeed shows the violation of
the bound in Lyapunov exponent. But those are due to inclu-
sion of the quantum correction in the particle motion, like gen-
eralised uncertainty principle [14]. In practical situation, these
corrections are very small compared to the original value.
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2observer dependent quantity and more importantly is a
pure quantum entity. Since this inception one of the main
thrusts till date remains to look for a suitable microscopic
origin of aforesaid black hole thermodynamics. There
are several attempts and all of them have their own mer-
its and demerits, and also none of them are complete.
Here we want to address one of the important issues in
this area. Although the thermodynamical parameter like
temperature nicely fits with the horizon, but the ques-
tion remains – what is the source of this temperature?
The underlying mechanism which sources such tempera-
ture still is one of the grey areas. Motivated by the earlier
and recent observations in the context of connection be-
tween the classical instability and quantum thermality,
we want to explore here such possibility to explain the
existence of horizon temperature. We feel that it can be
an important tool to explain this. In this connection we
want to mention that there are some works where IHO
has appeared in black hole system [2, 20, 22]. For exam-
ple, Hashimoto et al [2] have shown that if one considers
the analysis around the maxima of a field potential in the
black hole spacetime the effective motion of a particle is
that in a IHO potential. Later on Morita [20] and Hegde
et al [22] independently showed that such IHO gives rise
to temperature under quantization which is proportional
to instability factor of the system. In a completely dif-
ferent context [23, 24] it has been observed that if a par-
ticle scattering phenomenon is considered in a black hole
spacetime in presence of localised shock wave the effec-
tive scattering Hamiltonian comes out to be that of IHO,
which also gives rise the same in the quantum regime.
The noticeable fact in all these works, mentioned
above, is the possibility of the existence of instability in
the form of IHO for a black hole background which pro-
vides thermality to the system. In addition, this feature
is local as it exits in a very small region around a partic-
ular point – either around the maxima of the potential
or around the location of the shock wave. Hence none
of these analysis is directly connected with the horizon.
In other words, the existing observations have not been
done around the location of the horizon. Since we know
that the temperature is the property of the horizon, this
should arise totally from the investigations around this
one way membrane. That is why our prime objective here
is to find if there is any instability near the horizon, and
try to understand whether that instability is associated
with the this temperature.
In this regard, we mention that recently such investiga-
tion has already been attempted by us [25]. It has been
observed that the near horizon Hamiltonian for the radial
motion of an outgoing massless particle in the Painleve
coordinates is xp type, where p is the conjugate momen-
tum corresponding to coordinate x. It takes IHO form in
a new canonical conjugate pairs of phase space variables
and hence is unstable. Moreover, the consequences at
the quantum level are found to be the automatic appear-
ance of thermality as long as the Lyapunov exponent of
the system remains a positive non-zero quantity. It ap-
peared that the density of states (DOS) is thermal in
nature with the temperature is identified as given by the
Hawking expression [15]. It suggests that the instabil-
ity, seen by the particle, in the classical scale around the
horizon may result the horizon temperature in the quan-
tum scale. The essential feature of this study is that
the system need not to be in chaotic phase; only the un-
stable feature is enough to get thermality. In addition,
all these are concluded with respect to the Painleve ob-
server. Based on this fact, there are certain remaining
issues which are needed to be addressed. They are as
follows.
• Can the instability be addressed without going to
Hamiltonian (or equivalently Lagrangian) analysis?
• Is there any other set of observers other than
Painleve which also predict the similar instability
and as well as thermality?
• Are all these features in general observer dependent
or some are not so?
• Is it possible to construct Hamiltonian of the sys-
tem just by the knowledge of the nature of instabil-
ity in the near horizon regime? This will elaborate
the active role of xp type Hamiltonian in this sys-
tem.
• We know that the thermality of the horizon itself is
an observer-dependent phenomenon. Can we pre-
dict those observers by investigating the connection
between instability and thermality?
In this paper we aim to investigate the whole phe-
nomenon in a more extensive way. In progress of ad-
dressing these issues we find that there is another set of
coordinates, namely the Eddington-Finkelstein (EF) co-
ordinates, in which the motion of the particle along null
trajectory also faces the instability in the near horizon
regime. Moreover, such instability is very much there for
any observer when the particle is following the outgoing
null path in that particular EF coordinates. It implies
that the observed near horizon instability of the particle
motion is an observer independent phenomena for this
particular motion of the particle. Notably, again the in-
stability factor is given by the surface gravity of the black
hole. Next we find that the observer associated with the
EF frame measures the radial motion as r ∼ eκt where
r and t are the EF radial and time coordinates, respec-
tively. The corresponding Hamiltonian comes out to be
in xp structure. This implies that, as of now, this par-
ticular type of Hamiltonian is observer dependent – the
frame (either in Painleve or in EF coordinates) which
originally defines the particle’s motion will see this.
Following this classical picture, we next proceed for
the quantum calculation. We observe that our present
EF observers are suitable to predict the automatic ap-
pearance of the thermality as a result of this aforesaid
instability. We investigate this fact using different quan-
tum approaches in order to establish our previous conjec-
ture, stated in [25], in a more robust way. In every cases,
3the temperature found out to be that given by the Hawk-
ing. Therefore now, under the present investigation, we
reframe this conjecture as –
The presence of instability in the near horizon region is
the mechanism for providing the temperature to the
horizon as seen by a particular class of observers.
The paper is organised as follows. In section II, we first
define the outgoing null path of our massless test parti-
cle in EF coordinates. We then analyse the behavior of
the trajectory in section III within the classical picture
in the near horizon region where the radial trajectories
are found to be unstable in nature. Next using the Ray-
chaudhuri equation [26], in section IV we introduce a
technique where we try to realise this instability in a co-
variant way. Section V is devoted to construct the near
horizon Hamiltonian of this particle. Here first we derive
it by using the unstable radial equation of motion of the
particle and then verify the same using a direct approach
in the context of the dispersion relation. Up to section
V every calculation is done in classical scale. Now, the
next section, i.e. Section VI, is dedicated to studying the
quantum consequences, which is thermality of the hori-
zon in its neighbourhood region. In subsection VI A, we
start the study of thermality using tunnelling formalism
[27–31] across the horizon. In next subsection, we inves-
tigate thermality using the detector response approach.
Up next in section VII, we study the scattering of a mass-
less particle by taking our near horizon Hamiltonian as
a pure quantum mechanical scatterer. It again yields
thermal nature and moreover, we are able to extract the
imaginary part of the frequency of black hole quasinor-
mal modes (QNM) [32–34]. In section VIII, we again
study the thermality in the near-horizon region in a per-
turbative approach considering the obtained near hori-
zon Hamiltonian as simple quantum mechanical model.
In the final section (i.e. Section IX), we conclude our
work. Four appendices are also included at the end of
the paper. In Appendix A, we evaluate the values of
the non-affinity parameter, the expansion parameter and
the shear parameter for the null vector in our chosen
background. These are essential for our computation of
the main work. In Appendix B, we study the detec-
tor response function in (1 + 1) dimensional Schwazchild
background for both the outgoing and the ingoing de-
tector which follow the same path as our test particle.
In this case the near horizon approximation is avoided.
In Appendix C, we re-address the study of thermality
through Gutzwiller’s formula in order to strengthen our
earlier analysis [25]. The last two appendices are included
mainly for a side discussion.
II. OUTGOING PATH OF MASSLESS
PARTICLE
Massless particle follows null-like trajectories and
therefore the tangent to the path must be null-like.
To identify those, for simplicity, we consider a static
spherically symmetric black hole (SSSBH) metric in
Schwarzschild coordinates (ts, r, θ, φ) as
ds2 = −f(r)dt2s +
1
f(r)
dr2 + h(r)(dθ2 + sin2 θdφ2).(1)
Usually in (1 + 3) dimensions h(r) = r2, but we kept this
as a general function of radial coordinate for our future
purpose. The above coordinate system is singular at the
event horizon H, which corresponds to f(rH) = 0. Since
we shall confine our investigation to the radial path in the
near horizon regime, the above singularity is not desired
to exist in the choice of coordinates. Moreover, we want
the particle to follow outgoing null trajectory. For this
purpose, Kruskal-Szekeres (KS) coordinates (U, V, θ, φ)
in null-null form will be relevant ones. Since the paths
will be outgoing ones, we consider the particle propagates
along the normal to U = constant surface, where
U = ± exp (−κu) + 1 . (2)
(Following the discussion in Section 2.5 of [35], we here
choose the above convention). Since the normal to null
surface is tangent to it as well, the particle will propagate
along this U = constant surface. For the above choice,
the event horizon r = rH is located at U = 1. Here κ is
the surface gravity defined by κ = f ′(rH)/2. The +(−)
sign stands for the coordinate is defined outside (inside)
the event horizon. For the present purpose, only the +
sign will be considered as our test particle resides outside
the horizon. In the above, u is known as the Eddington-
Finkelstein (EF) outgoing null coordinate. There is also
EF ingoing null coordinate v. Both of them are related
to Schwarzschild coornates by the relations u = ts − r∗
and v = ts + r∗ with the tortoise coordinate r∗ is defined
as
dr∗ =
dr
f(r)
. (3)
The KS coordinates cover the whole spacetime and
therefore very much adopted to freely falling observer.
In order to realize the presence of horizon by the particle
and to confine it outside black hole, the null trajectories
will be viewed from a different coordinate system, defined
only outside the horizon. For that purpose, we adopt a
new set of EF coordinates (t, r, θ, φ) where t is related to
old coordinates as
t = v − r = ts + r∗ − r , (4)
where r∗ is taken to be valid outside the horizon. Since
ts and r are timelike and spacelike in the r > rH region,
these new coordinates are properly suited for this region
only. The metric (1), in these, takes the following form:
ds2 = −f(r)dt2 + 2
(
1− f(r)
)
dtdr +
(
2− f(r)
)
dr2
+h(r)
(
dθ2 + sin2 θdφ2
)
. (5)
4Considering that the observer is in this frame, we shall
calculate all our physical quantity in these coordinates.
So now our next task is to calculate the normal to U =
constant surface which describes the path of the massless
particle. Since the observer is in new EF frame, we need
to transform the normal vector in these coordinates. This
will give the form of the trajectory of massless particle
with respect to our desire observer.
The normal vector to U = constant (say, K) surface is
determined by la = e
ρ∇aU , where ρ is some scalar field
on this. For the moment value of K can be any constant.
But since we are interested in near horizon region, at the
end, whenever necessary, the limit U = K → 1 will be
taken to achieve our final goal. With this we find the
following components of la on any U = constant surface
in (t, r, θ, φ) coordinates as
la = −κe[ρ−κ(t−2r∗+r)]
(
1− 2
f(r)
,−1, 0, 0
)
. (6)
Let us now choose ρ in such a way that lt = 1. Then
we obtain the contravariant components of the tangent
to particle trajectory as
la =
(
1,
f(r)
2− f(r) , 0, 0
)
. (7)
Consequently the covariant components are
la =
(
f(r)
f(r)− 2 , 1, 0, 0
)
. (8)
One can check that on the horizon H the components re-
duces to la
H
= (1, 0, 0, 0), which has the same normaliza-
tion as that of the timelike Killing vector for this space-
time. This motivated the purpose of above choice for
ρ.
Now the integral curves xa(µ) = (t, r, θ, φ) of la, char-
acterized by
dxa(µ)
dµ
= la(x(µ)) , (9)
where µ is parameter, fixes the particle position at a par-
ticular moment, lead to the outgoing null trajectory of
our massless particle along any U = constant surface.
Note that the angular components of la vanishes and so
the particle will have motion only along the radial direc-
tion. In the upcoming following section we shall study
these trajectories in the near horizon regime, i.e. in the
limit U → 1 (or equivalently f(r)→ 0).
III. RADIAL BEHAVIOUR: INSTABILITY
VERY NEAR TO HORIZON
So far we found the path of our test particle, given by
the integral curve (9) of tangent vector (7). We are now in
a position to investigate the behaviour of this curve in the
vicinity of the horizon. Since it has been observed that
(7) does not have any angular component, the particle
will perform only the radial motion. Therefore, our local
analysis will give the nature of radial coordinate of the
particle.
Since the components of tangent vector la is given by
(7) and xa = (t, r, θ, φ), the time component of (9) yields
dt
dµ
= 1⇒ µ = t . (10)
Then the radial component of (9) leads to
dr
dt
=
f(r)
2− f(r) . (11)
The solution of this will give us the behaviour of the
particle trajectory in the radial direction. Since we are
interested in the neighbourhood region of the horizon,
the metric coefficient f(r) can be taken as the leading
term of the Taylor series expansion of it around r = rH :
f(r) ' 2κ(r − rH) . (12)
Substituting this in (11) and then keeping upto the rele-
vant leading order (O(r − rH)), we obtain
dr
dt
' 2κ(r − rH)
2− 2κ(r − rH)
' κ(r − rH) . (13)
The solution of it is
r − rH = 1
κ
eκt . (14)
Interestingly, the above analysis indicates the presence of
instability in the radial direction of the particle motion as
long as the particle is very near to the horizon. Therefore
we call this as local instability. For rest of the paper
we shall call this as just instability without the explicit
mention that it is locally applicable. But keep in mind
that whenever such is stated, this is always in local sense.
Before going into the discussion of the consequences
of this local instability, we will show that the above can
also be realised in an alternative way. We know that the
expansion parameter Θ, defined in Eq. (A5) or in Eq.
(A7) (see Appendix A), of the null geodesic congruence
encodes the information about the behaviour of geodesics
– how the distance between two neighbour paths changes.
Therefore, it is instructive to investigate this parameter
in this particular context. In the below we shall use the
value of Θ, calculated in Appendix A, to obtain the be-
haviour of radial direction in the vicinity of the horizon.
We shall come back to this quantity again in the next
section.
Use of Eq. (A7) of Appendix A for the metric (5) yields
∂rl
r = Θ− h
′(r)
h(r)
lr + κ˜ , (15)
where prime indicates the derivative with respective to
the r coordinate. Notice that, in the near horizon regime
5the expression (A9) for Θ implies that the expansion pa-
rameter is of the order (r−rH). Similarly, (7) shows lr is
also O(r−rH) in this approximation. On the other hand
Eq. (A4) shows that κ˜ = κ + O(r − rH). Therefore, in
the limit r → rH , keeping only the leading order terms
in Eq. (15) we obtain
∂rl
r = κ . (16)
Now using the fact that lr = dr/dt, the solution of the
above comes out to be r = (1/κ)eκt + C where C is an
integration constant. Since, for r → rH (i.e. r∗ → −∞)
implies t→ −∞, one obtains C = rH . Therefore we have
the same solution (14).
We now make a comment for the same in (1 + 1) di-
mension static black hole case. This is needed as later in
some situation we shall consider this lower dimensional
case for the simplicity of the calculation (For example,
a side discussion has been made in Appendix B in this
spacetime dimensions). For (1+1) dimensional case i.e.
considering the (t−r) sector of metric (5), one can readily
show that time and radial components of la are given by
those given in (7). Therefore, one again finds the same
radial behaviour as obtained in (14). Also as here Θ van-
ishes and the determinant of the metric is g = −1, the
definition for expansion parameter (A7) reduces to Eq.
(16). Hence one finds (14) again and so the existence of
the instability in the particle motion in the near horizon
region persists in this case as well. This indicates that
the present instability is completely liable for the influ-
ence of horizon in the spacetime, not a specific feature to
number of spacetime dimensions.
IV. A COVARIANT REALISATION OF LOCAL
INSTABILITY
We found that the radial motion is unstable in nature
in the very near to the horizon. In this regard, it is nat-
ural to ask – what happen to the family of these null
geodesics in this region? Whether these congruence of
geodesics also face the similar instability due to the hori-
zon. Moreover, in the last section we mentioned that the
expansion parameter Θ can be an important quantity to
illuminate our main investigation. Particularly as it mea-
sures the separation between the two nearby geodesics,
it will be interesting to see how this separation changes
with time. Thus we shall have a more concrete idea of in-
stability, provided by the horizon. Therefore, the present
section will be dedicated to examine the evaluation of Θ
for null geodesics in the nearby region of horizon. The
most promising way is to start with the Raychaudhuri’s
equation for null congruence [26]. Since it is in covariant
form we expect that the evaluation character of Θ, ob-
tained from this, in contrary to the earlier section, may
provide a covariant description of our aforesaid instabil-
ity.
Raychaudhuri equation for null geodesics is [26]
dΘ
dµ
= κ˜Θ− 1
2
Θ2 − σabσab + ωabωab −Rablalb . (17)
Here we shall study this equation in the near horizon of
our SSSBH spacetime (5). All the quantities are defined
with respect to the null vector (7). Let us now examine
each of the terms on the right hand side of the above
equation. These are all calculated in Appendix A. We
found that the shear parameter σab = 0 (see Eq. (A12))
and since la is hypersurface orthonormal, we must have
the rotation parameter ωab = 0 as well. Next note that
in the near horizon region Θ ∼ O(r−rH) (see Eq. (A9)),
whereas as mentioned in the last section, κ˜ = κ+O(r −
rH). The evaluation of the term Rabl
alb for metric (5)
yields
Rabl
alb =
f2(r) (h′(r)− 2h(r)h′′(r))
2(f(r)− 2)2h2(r) . (18)
This leads to the fact that Rabl
alb ∼ O(r − rH)2 in the
near horizon approximation. Now keeping the leading
order terms, i.e. O(r − rH) terms in the right hand side
of Eq. (17) one obtains
dΘ
dµ
= κΘ . (19)
Performing the integration of the above equation we ob-
tain the form of the expansion parameter as
Θ = κeκµ . (20)
This implies that in the near horizon the expansion of
geodesic congruences is exponentially increasing as µ in-
creases. It characterises the presence of instability in the
geodesic motion of the particle.
This analysis not only indicates the presence of local
instability for the particle motion, but also provides a
covariant description and realisation of this phenomenon.
Since Θ is a scalar quantity, we now understand that for
this particular particle motion the aforesaid instability is
an observer independent feature of horizon.
Just for completeness, we now show that from Eq. (20)
the explicit form of unstable nature in radial motion can
be evaluated. In our EF coordinates we identified µ = t
(see Eq. (10)). One can check that at the horizon (i.e.
t→ −∞), Θ vanishes, which implies that the above solu-
tion correctly satisfies the required boundary condition.
The value of Θ for our metric (5) is given by (A9). In
the near horizon regime, at the leading order, it comes
out to be
Θ ' 2κ
rH
(r − rH) , (21)
where we have used h(r) = r2 → r2H and h′(r) = 2r →
2rH . Substitution of this in the solution (20) yields
r− rH ' (rH/2)eκt. Thus we again we found the similar
6unstable nature in the radial direction. It must be men-
tioned that although the instability is an observer inde-
pendent feature, but this particular radial character with
time is related to EF observer. This is a very crucial
observation in this analysis. We shall talk about more
on this in our later discussion. It plays a big role in the
concept of observer dependent thermality which will be
introduced in the upcoming sections.
V. NEAR HORIZON INSTABILITY:
HAMILTONIAN ANALYSIS
So far without using any formal prescription, like La-
grangian or Hamiltonian analysis, we have been able to
show the appearance of local instability on the radial mo-
tion of a massless particle in the vicinity of horizon. This
feature has been shown earlier in [25] using the Hamilto-
nian analysis using Painleve coordinates for the metric.
It was shown that the near horizon Hamiltonian takes
the form ∼ xp, where x = r− rH and p is the radial mo-
mentum. In this work we are using a new EF coordinates
and found that here also similar feature is appearing in
radial motion even in this new coordinates. Therefore, it
would be interesting to see whether an Hamiltonian pre-
scription can be build out in our present analysis. More
importantly, we are interested to investigate the possi-
bility of finding out the Hamiltonian of our system using
the obtained radial feature in the earlier sections. If so,
then whether it is again similar to xp. In this section,
we shall first find the Hamiltonian from our earlier find-
ings on radial trajectory and then verify this by deriving
the same using dispersion relation for the massless par-
ticle on the background (5). This obtained structure of
Hamiltonian will be very important for the later purpose
of our analysis.
A. Hamiltonian from trajectories
The near horizon radial motion is driven by Eq. (14).
Therefore use of Hamilton’s equation of motion x˙ =
∂H/∂p implies
∂H
∂p
= κx , (22)
where x ≡ r − rH . Solution of this is given by H =
κxp+f1(x), where f1(x) is an arbitrary function of radial
coordinate. This can be fixed by using the information
that the corresponding Lagrangian must vanish as we are
dealing with massless free particle. The Lagrangian for
this solution comes out to be
L = px˙−H = −f1(x) . (23)
So to make it vanish, we must choose f1(x) = 0. Thus
we find that the Hamiltonian in the near horizon regime
is given by
H = κxp . (24)
We now verify this below by a direct evaluation of Hamil-
tonian from the dispersion relation. This method has
been adopted earlier in [25], but for Painleve coordinates.
B. Hamiltonian from dispersion relation
We again start with the static spherically symmet-
ric metric written in EF coordinates (5) which has a
timelike Killing vector χ′a = (1, 0, 0, 0) and the energy
of a particle moving under this background is given by
E = −χ′apa = −pt, where pa is the four momentum
whose components are pa = (pt, pr, 0, 0). The angular
components are chosen to be zero as for our choice of
path there is only radial motion (see Eq. (7)). Using the
covariant form of the dispersion relation gabpapb = 0 for
massless particle, we obtain the equation of the energy
in terms of the radial component of the momentum as
(f(r)− 2)E2 − 2(1− f(r))Epr + f(r)p2r = 0 . (25)
It is found that the energy has two solutions:
E =
(f(r)− 1)pr ∓ pr
2− f(r) , (26)
where the positive sign for the outgoing particle and the
negative sign for the ingoing one. With the near horizon
approximation i.e. for f(r) given in Eq. (12), we obtain
the expression for the energy of the outgoing particle (i.e.
taking the +ve sign solution) as
E =
(f(r)− 1)pr + pr
2− f(r)
=
κ(r − rH)pr
1− κ(r − rH)
' κ(r − rH)pr +O(r − rH)2 . (27)
Since, we are interested near to the horizon, taking upto
the first order one obtains the expression of the Hamil-
tonian for the outgoing particle as (24), with pr ≡ p.
So we observed that the nature of Hamiltonian, like
in Painleve coordinates, is ∼ xp even in EF coordinates.
This is inherently unstable in nature having the hyper-
bolic points at x = 0 and p = 0 which induces the in-
stability into the particle’s motion. The solutions of the
equations of motion corresponding the Hamiltonian (24)
are
x(t) = x(0)eκλ; p(t) = p(0)e−κλ , (28)
where λ is the affine parameter, which defines the mo-
mentum of the particle as pr = dr/dλ. It immediately
shows us again that at the classical level the radial mo-
tion of the massless particle is unstable in the vicinity
of the horizon which we have already shown in different
approaches in the previous sections.
We shall end this classical discussion with following
comment. Through various approaches people have al-
ready seen that horizon may induce chaos in a system
7whenever the system comes under the influence of it
[2, 4, 7] and notably this is common to any black hole
spacetime. To follow up the real cause of this univer-
sal feature, we argued in [25] that the instability is the
main cause of it. There we studied the particle motion
in the Painleve coordinates. Here we showed that the
same instability appears in EF coordinates. Moreover
such is observer independent, provided that the particle
is following a particular null path in the near horizon
region. But it must be remembered that the particular
radial nature of the particle trajectory is observer depen-
dent. Since the behaviour of a system under the influence
of the horizon has been studied with these trajectories,
it may happen that the appearance of chaos is observer
dependent phenomenon. This last statement is not con-
clusive at this stage; rather it is a suggestive one. We
need more investigation in this direction to reach at any
definite conclusion.
VI. QUANTUM THERMALITY
Till now we observed that at the classical level the
horizon creates a local instability on the radial motion
of a massless particle. This is completely a local phe-
nomenon as it may not be observed when the particle
motion is considered over the full spacetime. We are now
curious to know whether such local phenomenon can have
any observable consequence. In this section quantum as-
pects will be addressed. Two of the authors of this paper
already showed in [25] that the instability may provide
temperature to the horizon with respect to Painleve ob-
server. Here we observed that our EF frame also per-
ceives similar instability in the trajectory. Therefore we
will again investigate if this can again explain the ther-
mality of the horizon. Here our main objective is to study
the consequences of aforesaid instability at the quantum
level in various possible ways in order to verify the ro-
bustness of the aforesaid thermality. It will be found
that quantum thermality of the horizon is unavoidable
and thereby providing a robust evidence of our earlier
claim.
A. Tunneling formalism
Classically nothing can escape from the black hole.
But the quantum probability of escaping from the bar-
rier of horizon can be different. The previously obtained
Hamiltonian can be used here to find this. It is the main
quantity which is found in tunneling formalism to study
the Hawking effect (For the underlying concept and de-
tails of this method see [27–30]. Also see [31] for an ex-
tensive list of works on tunneling formalism) 2. Adopting
2 Ref. [27] adopted the Hamilton-Jacobi method whereas Ref. [28]
based on null geodesic approach. Based on the tunneling idea,
the concept of this mechanism, here we shall calculate
the tunneling probability of a particle. The analysis is
semi-classical in nature and calculation at the vicinity of
horizon is sufficient.
We start with the standard ansatz for wave function
for a particle as
Ψ(x) = exp
[
i
~
S(x)
]
, (29)
where S(x) is the Hamilton-Jacobi action for the particle,
defined as an integration of the momentum p of the par-
ticle with respect to the position coordinate x variable:
S(x) =
∫
pdx . (30)
(Here we have considered for two dimensional phase
space). The outgoing and ingoing trajectories correspond
to ∂S/∂x > 0 and ∂S/∂x < 0, respectively. For our
present situation both the outgoing and ingoing particles
are just outside the horizon. Therefore we are interested
to calculate the absorption probability of the outgoing
particle while the emission probability for ingoing one.
The ratio of them will give us the required tunneling
probability.
The energy of the outgoing particle is given by (24).
Since H = E is the conserved quantity here, we substi-
tute p in terms of x in (30) to find the outgoing action.
Also since the absorption probability will be our main in-
terest, the limits of the integration must be chosen x = 
to x = − where  > 0 (i.e. from just out side the horizon
to just inside). Thus the “absorption” action is given by
S[Absorption] =
E
κ
∫ −

dx
x
= − ipiE
κ
+ (real part) . (31)
In performing the above integration we noticed that
x = 0 is the pole of the integrand. To evaluate it the
lower complex plane is being considered. Observe that
since the particle starts from outside the black hole where
x > 0, we have ∂S/∂x > 0 which is consistent with the
definition of outgoing nature of the trajectory. On the
other hand the “emission” action for the ingoing parti-
cle will be real as the limits of integration never include
the horizon singularity. This can be checked trivially
with the identification of energy for ingoing particle as
E = −p (see Eq. (26)). So, the probability of absorption
turns out to be
P [Absorption] ∼
∣∣∣e i~S[Absorption]∣∣∣2
∝ exp
(
2piE
~κ
)
. (32)
using the connections between the coordinates on both sides of
the horizon the same has been done in [29, 30].
8where as P [Emission] = 1. Hence the tunneling proba-
bility is evaluated as
Γ =
P [Emission]
P [Absorption]
∼ exp
(
−2piE
~κ
)
. (33)
Note that the above one is thermal in nature. The tem-
perature is identified as
T =
~κ
2pi
. (34)
This temperature exactly matches with the standard
Hawking expression [15] for black hole.
We just observed that the near horizon Hamiltonian
(24) predicts a finite probability of escaping a particle
from the horizon and thereby providing a temperature
to the horizon. Since this Hamiltonian shows a local in-
stability, we argue that such instability is responsible for
the thermal behaviour of black hole. The observer is as-
sociated with the EF coordinates. But it is not vivid
to us whose vacuum state is filled with particle with re-
spect to this frame. This will be illuminated in the next
subsection.
B. Detector response
Thermality is an observer dependent phenomena [36,
37] and vacuum plays an important role in this case. The
precise choice of observer and the corresponding choice
of vacuum is very important in that sense. Therefore,
the aim of our next approach is to identify the observer
and the corresponding vacuum state corresponding this
thermality. One such popular approach is investigating
through the detector response of a two level atomic de-
tector which can give us the clear idea to identify our
observer and the vacuum.The choice of the observer here
is the one which is following the path (14) in the near
horizon regime. The vacuum is chosen to be Boulware
vacua which is defined with respect to the static observer
in Schwarzschild coordinates. We will find the transition
rate of the atomic detector which moves along the tra-
jectory (14) with respect to this Boulware vacuum. The
calculation must be performed very near to the horizon.
The particular preference of this vacuum among others
like Unruh or Kruskal vacua is due to the fact that Un-
ruh and Kruskal ones are not vacuum with respect to
static frame whereas Boulware is trivial one. There-
fore it is apparent that the present moving frame again
find Unruh and Kruskal vacua as non-trivial one. Hence
whether Boulware appears to be non-trivial with respect
our present observer will be an interesting observation
(a discussion of defining different vacuum states can be
followed from [37]).
Let us consider a two-level atomic detector (say a is the
excited level and b is the ground state) is moving along
the geodesic (14). We consider the massless scalar field
Φ under this background and its modes are denoted by
uν with frequency ν. The modes for the atomic detector
we denote as ψω, where ω is the characteristic frequency.
The interaction Hamiltonian between the atomic detector
and the field is taken as
Hˆint(τ) = Q[(aˆνuν + h.c.)(σˆωψω + h.c.)] , (35)
where the operator aˆν is the photon annihilator operator
and σˆω is the atomic detector lowering operator. h.c. sig-
nifies the hermitian conjugate. Q is the coupling constant
which determines the strength of the interaction and τ is
the detector’s clock time. This type of model was orig-
inally considered for this purpose in [38] and later has
been subsequently used in [39].
Initially, when there is no photon is detected, the de-
tector stays in the ground state |b〉 i.e the field is in the
Boulware vacuum |0〉. So the initial state of the whole
system is |0, b〉 = |0〉 ⊗ |b〉. Now after interaction the de-
tector will go to state |a〉. Then the transition amplitude
of the detector, using the first order perturbation theory,
is given by
Γ = −i
∫ τf
τi
dτ〈1ν , a|Hˆint(τ)|0, b〉 , (36)
where |1ν〉 is the one particle state of Φ. In this subsec-
tion, we have chosen ~ = 1. In this case the probability
of the excitation of the atomic detector for interaction
Hamiltonian (35) becomes (see [39] for detailed calcula-
tion)
P↑ = Q2
∣∣∫ rf
ri
dr
(
dτ
dr
)
u∗ν(r)ψ
∗
ω(r)
∣∣2 . (37)
Here re-expressing the detector’s path (14) as t in terms
of radial coordinate we obtain
t =
1
κ
ln
(
r
rH
− 1
)
+ constant , (38)
where the constant, irrelevant for the present analysis, is
given by (1/κ) ln(κrH). Next taking τ = t the positive
frequency mode corresponding to the detector is
ψω = e
−iωt . (39)
The positive frequency Boulware mode for massless
scalar field can be obtained by solving the Klein-Gordon
(KG) equation Φ = 0 under the background of (1).
Near the horizon KG equation reduces to[
∂2
∂t2s
− ∂
2
∂r2∗
]
Φ = 0 , (40)
where in the near horizon limit r∗ is given by
r∗ ' 1
2κ
ln
(
r
rH
− 1
)
. (41)
The solutions are e−iν(ts±r∗), where the positive sign cor-
responds to ingoing and the negative sign refers to outgo-
ing modes. Here, our detector is moving in the outward
direction and so we will consider the ingoing Boulware
9mode to investigate the response of the detector. There-
fore we choose
uν = e
−iν(ts+r∗) . (42)
Hence expressing the integrand of Eq. (37) in terms of
the radial coordinate and using (38), we obtain the prob-
ability of transition as
P↑ =
Q2
κ2
∣∣∣ ∫ rf
rH
d
(
r
rH
)(
r
rH
− 1
) i
κ (ν+ω)−1
eiνr
∣∣∣2,(43)
where the upper limit is chosen some position rf which
is situated very near to the horizon. It has to be chosen
in such a way that it’s value satisfies our near horizon
approximation i.e.
(
r
rH
− 1
)
<< 1.
In order to get some convenient look of Eq. (43) let us
first make change of variable: (r/rH)− 1 = y. Then (43)
reduces to
P↑ =
Q2
κ2
∣∣∣ ∫ yf
0
dy y
i
κ (ω+ν)−1eiν(y+1)
∣∣∣2 . (44)
This can be expressed in terms of lower incomplete
Gamma function (See page no. 527 of ref. [40])
P↑ =
Q2
κ2
∣∣∣∣∣ 1(−iν) iκ (ω+ν) γ
(
i
κ
(ω + ν),−iνyf
)∣∣∣∣∣
2
.(45)
But to get a better understanding, here we shall examine
it numerically for different values of ω. In order to do
that, first we need to make all the variables dimension-
less. We choose the following substitutions in Eq. (44):
rHω = ω
′; rHν = ν′ and rHκ = κ′. (46)
Then Eq. (44) reduces to the following form:
P ′↑ =
∣∣∣ ∫ yf
0
dy y
i
κ′ (ω
′+ν′)+−1ei(ν
′+i)(y+1)
∣∣∣2 . (47)
where P ′↑ =
κ′2
Q2r2H
and in the above we have introduced
a very small parameter  to make the integration conver-
gent.
Now, we numerically integrate the above expression for
different values of ω′ and then plot ν′2P ′↑ as a function
of ν′. The plot is represented in Fig. (1). This shows
that the nature of transition probability of the detector
is similar to Planck distribution. So the detector will
register particles in the Boulware vacuum when it moves
along our local unstable path. Hence with respect to
this observer the vacuum appears to be thermal. As we
increase the value of ω′, the peak of the curve decreases.
It means that for higher values of ω′, the probability of
detecting particle gets lessened.
In the similar approach one can also derive the expres-
sion for probability of detecting an outgoing scalar field
mode by an ingoing detector in the near horizon region.
It means that the detector is moving very near to the
horizon but this time its direction of motion is towards
FIG. 1. Plot of ν′2P ′↑ Vs ν
′ for different values of ω′. The
choice of the small parameter is  = 0.00095.
the horizon, just opposite to the previous case. In this
case the EF time coordinate is represented in terms of
the outgoing EF coordinates (u, r, θ, φ) as
t = u+ r = ts − r∗ + r . (48)
In the similar approach we can re-express the path of
the ingoing detector as t as a function of the radial co-
ordinate. For the near horizon approximation using Eq.
(B16) of the Appendix B 2 we obtain
t = − 1
κ
ln
(
r
rH
− 1
)
+ constant . (49)
Now, proceeding with exactly similar approach like the
case of the outgoing detector one can land up to the ex-
pression of probability which turns out to be
P↓ =
Q2
κ2
∣∣∣ ∫ yf
0
dy y−
i
κ (ω+ν)−1e−iν(y+1)
∣∣∣2 , (50)
and it basically gives the same result as in the case of the
outgoing detector (FIG.(1)).
Therefore, the outgoing and the ingoing atomic detec-
tor, following the null path, detects ingoing and outgo-
ing scalar particle, respectively in the Boulware vacuum.
The Planckian nature of the plots suggest that at the
quantum level the vacuum appears to be thermal. We
showed this for near horizon trajectory. For complete-
ness, we also show that our present observer when moves
throughout the whole spacetime then also it will per-
ceive thermality. This we present in Appendix B for the
Schwarzschild black hole where the near horizon approx-
imation is being avoided. To have a complete analytic
analysis the calculation is performed in (1 + 1) dimen-
sions and the temperature is identified to be the Hawking
expression.
VII. SCATTERING OF PARTICLE AND QNM
Till now we observed that the horizon provides an
unstable potential to the massless particle in its neigh-
bourhood region. Moreover, it causes the particle to feel
10
the black hole as a thermal object. This quantum phe-
nomenon can also be elaborated through a “scattering”
model of a particle. The idea is the following. When a
particle is moving very near to the horizon, it will feel
the influence of the horizon through the local Hamilto-
nian (24). Then the state of the particle will be influ-
enced. The change of wave function can be evaluated by
visualising (24) as the governing potential for the scatter-
ing phenomenon. In order to proceed towards the main
purpose first we need to identify the initial (before scat-
tering) and final (after scattering) energy eigenstates of
the system.
Our xp Hamiltonian can be visualised as that for an
inverted harmonic oscillator (IHO) in a new set of canon-
ical variables (X,P ). The relation between the old and
these new ones are x = 1√
2
(P −X) and p = 1√
2
(P +X).
Then in the (X,P ) diagram, the old (x, p) variables are
considered to be as ingoing and outgoing coordinates, re-
spectively. This is shown in Fig. 2. Here the value of x
X
P
px
o
FIG. 2. X − P diagram: red line represents the trajectory of
the particle.
is always positive, therefore the trajectory for E > 0 in
the X − P plane always remains in that quadrant where
both p and x are positive definite (Fig. (2)). Since x
is identified as the ingoing coordinate, the energy eigen-
state in x representation is the initial state of the system.
Likewise, p representation energy state is our final state
for the system. Therefore our next task is to find the
eigenstates for Hamiltonian (24) in both representations.
In order to make Hamiltonian (24) hermitian, we ex-
press this as
Hˆ =
κ
2
[xˆpˆ+ pˆxˆ] , (51)
where the basic commutator is given by [xˆ, pˆ] = i~. Then
the inner product between x and p states is
〈x|p〉 = 1√
2pi~
exp
(
ixp
~
)
. (52)
To find the initial state, we represent Hamiltonian oper-
ator in position representation:
Hˆ = −iγ˜
[
x
∂
∂x
+
1
2
]
, (53)
where γ˜ = ~κ. With this the initial state with energy E
comes out to be
〈x|E〉i = 1√
2piγ˜
1
x
1
2− iEγ˜
with x > 0 . (54)
The final state is determined by expressing the Hamilto-
nian in momentum representation:
Hˆ = iγ˜
[
p
∂
∂p
+
1
2
]
. (55)
Eigenstate with energy E of this operator yields the final
state of the system as
〈p|E〉f = 1√
2piγ˜
1
p
1
2+
iE
γ˜
with p > 0 . (56)
Now we shall find the relation between the final state
and initial state. This is done as follows:
〈x|E〉f =
∫ ∞
−∞
dp〈x|p〉〈p|E〉f
=
1
2pi
√
γ˜~
∫ ∞
0
dp e(
ix
~ )p p(−
iE
γ˜ +
1
2 )−1 . (57)
To perform the integration, we use the formula (see page
no. 604 of [41] for details)∫ ∞
0
dxe−bxxs−1 = e−s ln bΓ(s) , (58)
with the condition Re(b) > 0 and Re(s) > 0. To
satisfy these conditions for integration (57), we take
b = −i(x/~) +  and identify s = −i(E/γ˜) + (1/2) with
 > 0. At end of the integration we consider the limit
→ 0. This leads to
〈x|E〉f = ~
− iEγ˜√
2pi
e
ipi
4 e
piE
2γ˜ Γ
(
1
2
− iE
γ˜
)
x−
1
2 + iEγ˜√
2piγ˜
=
~−
iE
γ˜√
2pi
e
ipi
4 e
piE
2γ˜ Γ
(
1
2
− iE
γ˜
)
〈x|E〉i . (59)
In the last step (54) has been used. So we find the relation
between the final energy eigenket |E〉f and the initial one
|E〉i as
|E〉f = ~
− iEγ˜√
2pi
e
ipi
4 e
piE
2γ˜ Γ
(
1
2
− iE
γ˜
)
︸ ︷︷ ︸
Ci
|E〉i . (60)
The modulus square of the coefficient (Ci) in the above
equation gives the probability of finding the particle in
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the initial state itself. Therefore, the transition proba-
bility for the particle to jump from initial (|E〉i) to the
final state (|E〉f ) is
P = 1− |Ci|2 = 1
e
2piE
~κ + 1
, (61)
which yields again the thermal nature with temperature
is given by (34).
Now, it is well known that the scattering phenomenon
in black holes can provide the information about the fre-
quency of the QNM (see page no. 397 of [41]). The
imaginary part of the frequency is determined by the
poles of the Gamma function appearing in Eq. (60). It
is clear that the poles are at En = −iγ˜ (n+ 1/2) with
n = 0, 1, 2 . . . . So the imaginary part of frequency is
given by ωn = −iκ(n + 1/2) which matches with the
earlier finding [32–34, 41].
VIII. THERMALITY: A PERTURBATIVE
APPROACH
Here we visualise the whole system as a following effec-
tive quantum mechanical model. We first consider a free
massless particle in Minkowski spacetime whose Hamil-
tonian is given by H0 = p (with the choice of unit c = 1).
The near horizon Hamiltonian H ' κxp is treated as a
small interaction of the particle with a potential of this
form. So we model the actual system effectively as an in-
teraction picture where a massless particle is interacting
with the potential κxp when it is following the trajectory
(14). So we take the interaction Hamiltonian as
HˆI =
1
2
κ(xˆpˆ+ pˆxˆ)δ(x− 1
κ
eκt) . (62)
Dirac-delta function has been introduced in order to
make sure that the interaction is occurring for the par-
ticle moving along the path, given by (14). Now if the
particle is a two level quantum atom, then there is a
possibility of transition from one state to another state.
Here we want to calculate the probability of transition
if the atom is initially in the ground state. So the total
Hamiltonian for this quantum system is
Hˆ = Hˆ0 + HˆI , (63)
where HˆI is treated as small compared to Hˆ0. So the
transition amplitude can be evaluated perturbative way.
The unperturbed energy eigen basis are evaluated from
Hˆ0 = pˆ. This will provide the initial and final basis
states. These are given by ψi(x) ∼ eiωix and ψf (x) ∼
eiωfx, respectively (considering ~ = 1 and the velocity
of light c = 1). Introducing the transition frequency
ω = ωf − ωi we write the transition amplitude at the
first order perturbation as
ci→f = −i
∫ ∞
−∞
dt〈f |HˆI(t)|i〉 eiωtδ(x− 1
κ
eκt) (64)
= − iκ
2
∫ ∞
−∞
dt〈f |(xˆpˆ+ pˆxˆ)|i〉eiωtδ(x− 1
κ
eκt). (65)
Now, let us concentrate on
I = κ
2
〈f |xˆpˆ|i〉δ(x− 1κeκt)︸ ︷︷ ︸
I1
+ 〈f |pˆxˆ|i〉δ(x− 1
κ
eκt)︸ ︷︷ ︸
I2
 .
(66)
The first term can be evaluated as follows:
I1=
∫ ∞
−∞
〈f |x〉〈x|xˆpˆ|i〉δ(x− 1
κ
eκt)dx
=
∫ ∞
−∞
〈f |x〉x〈x|pˆ|i〉δ(x− 1
κ
eκt)dx
=
∫ ∞
−∞
ψ∗f (x)x
(
−i ∂
∂x
)
〈x|i〉δ(x− 1
κ
eκt)dx
= −i
∫ ∞
−∞
ψ∗f (x)x
∂
∂x
ψi(x)δ(x− 1
κ
eκt)dx . (67)
In the similar approach the other term of Eq. (66) yields
I2 = 〈f |pˆxˆ|i〉δ(x− 1
κ
eκt) = (〈i|xˆpˆ|f〉)∗δ(x− 1
κ
eκt)
= i
∫ ∞
−∞
ψi(x)x
∂
∂x
ψ∗f (x)δ(x−
1
κ
eκt)dx . (68)
Then, using these and then putting the values of ψi and
ψf with their conjugates in (66) we obtain
I= iκ
2
∫ ∞
−∞
dx
[
eiωix(−iωf )e−iωfx − e−iωfx(iωi)eiωix
]
× xδ(x− 1
κ
eκt)
=
κ
2
∫ ∞
−∞
dxe−iωx(ωf + ωi)xδ(x− 1
κ
eκt)
=
κ
2
(ωf + ωi)e
−iωκ eκt 1
κ
eκt . (69)
Then, using the above expression in Eq. (65) and performing the integration one finds
ci→f = − i(ωf + ωf )
2
exp
[
−
(
1 +
iω
κ
)
ln
∣∣∣∣∣ωκ
∣∣∣∣∣−
(
1 +
iω
κ
)
ipi
2
sign
(
ω
κ
)]
Γ
(
1 +
iω
κ
)
. (70)
Therefore the probability of transition from |i〉 to |f〉
turns out to be
|ci→f |2 = piκ(ωi + ωf )
2
2ω
1
e
2piω
κ − 1 . (71)
This transition probability is thermal is nature and one
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identifies the temperature as (34).
Now let us give some physical aspects of this pertur-
bation method. The main motive of this approach is
to build a quantum mechanical model which mimics the
near horizon characteristics. In this case we have taken
the potential to be xp kind which is basically the near
horizon Hamiltonian. Another important point is that
we have considered a definite path for the massless par-
ticle which is basically similar to the radial trajectory
of a massless particle which we have shown already in
the previous sections (Sections III, IV, V). Therefore, in
a physical sense this model basically mimics the behav-
ior of the massless particle whenever it comes into the
vicinity of the horizon in the quantum scale. The non-
zero value of the probability whose nature is similar to
the Planckian distribution tells us about the thermal be-
havior in the near horizon region. Therefore, it can be
regarded as an effective approach to show the thermal
nature in the near horizon region.
IX. CONCLUSION
The reason why horizon is associated with tempera-
ture has always been a fascinating question towards the
physics community. On the other hand, the recent ob-
servations [2, 4, 7] within the theoretical frame work pre-
dict the possibility of induction of chaotic behaviour in
a system when it is under the influence of the horizon.
There is a surge of discussion along this direction. Inter-
estingly, both of these phenomenon are characterised by
a common horizon quantity, namely the surface gravity.
Therefore this “apparent interlink” between them may
help us to uncover such properties of horizon. In our
recent work [25] we predicted that the existence of local
instability, created by the horizon, may be a possible rea-
son for chaotic motion as well as horizon temperature. As
a continuation, in this article we again took up this issue
with great details. Here the mentioned issues in Section
I have been addressed. To be concrete, we focused on
a recently developed conjecture, namely the presence of
local instability in the near horizon region is responsible
for providing the temperature to the horizon seen by a
particular set of observers. We find that this is indeed
the case. For a particular set of observers, the near hori-
zon Hamiltonian in case of an outgoing massless particle
is of xp kind which is an unstable Hamiltonian, and the
quantum consequences lead us to explore that thermal-
ity emerges due to this instability. This, in turn, satisfies
our claim about the relationship between instability and
thermality.
Now, let us discuss briefly and summarize our results
what we have acheived in this paper.
• In our earlier paper [25] we found that the radial
motion of an outgoing massless particle in Painleve
coordinate system is unstable in the near-horizon
region. Proceeding one step further in this paper,
our prime objective was to examine this whole oc-
currence of this feature in a more extensive way.
We started our calculation by choosing another set
of coordinates which is EF coordinates, in which
the motion of the massless particle along the null
trajectory has been studied. Interestingly, we have
found that in this coordinate also the instability
still persists for the outgoing null path. Therefore,
this result suggests that there are other sets of ob-
servers other than in Painleve coordinate system,
which can also predict a similar instability.
• Moreover, in our next investigation, using the Ray-
chaudhuri equation, we have calculated the expan-
sion parameter of the null geodesics which are fol-
lowed by our test particle in that particular EF
coordinate. Here, we have found that the expan-
sion parameter shows instability in the near horizon
region. It means that in the near horizon region,
instability in the particle motion is an observer in-
dependent phenomena for this particular motion of
the particle.
• Following the unstable nature of the horizon, next
we have constructed the Hamiltonian of the system
just by the knowledge of the nature of instability
in the particle motion. Interestingly, we have found
that the structure of the Hamiltonian comes out to
be of xp kind to the observer associated with the
frame of the particle where the radial motion of
the particle grows as r ∼ eκt with EF time. It
suggests that although the instability is observer
independent for our particle motion, the particu-
lar form of the Hamiltonian is observer dependent.
The observer associated with this specific frame of
the particle, either in Painleve or in EF coordinates
will see this form of the near horizon Hamiltonian.
• After obtaining a clear picture of instability in the
classical scale, we next targeted quantum calcula-
tions in order to see how thermality appears to our
EF observers due to this unstable xp kind struc-
ture of the near horizon Hamiltonian. We started
with with the tunnelling approach where we found
that this near horizon Hamiltonian predicts a finite
probability of escaping the particle from the hori-
zon and thereby providing a temperature to the
horizon.
• The next approach was the detector response ap-
proach in order to get a distinct idea about the
relevant vacuum state. The observer or rather the
detector, in this case, is following the same null tra-
jectory in EF coordinate in the near horizon regime
as we mentioned earlier. The vacuum was chosen to
be that Boulware vacuum in this case. After eval-
uating the response function numerically, we have
obtained that the transition probability of the de-
tector of detecting a photon in the Boulware vac-
uum is similar to Planck distribution. It showed
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that the detector will see the Boulware vacuum as
thermal bath.
• The other feature of the unstable potential is, it
shows scattering phenomena. Therefore, our next
approach was to study the scattering phenomena
in presence of this unstable xp kind near hori-
zon Hamiltonian. Indentifying the “in” and “out”
states we obtained the transition probability for
the particle to jump from the initial to final en-
ergy state, which yielded the thermal nature again
with the desired Hawking temperature. Moreover,
we gained the information about the frequency of
the quasinormal modes from this scattering which
matches with the earlier findings [32–34, 41].
• In order to complete our discussion about ther-
mality, our last approach was to consider the near
horizon system as a quantum mechanical model.
We built the model by considering that our near
horizon xp kind Hamiltonian as a small interaction
Hamiltonian, and it represents the interaction with
a free massless particle. We calculated the transi-
tion probability using the first-order perturbation
approximation and found out that the expression is
thermal in nature. The motive of this approach was
to construct a simple quantum mechanical model
which mimics the near horizon characteristics. It
turns out that this model definitely mimics the near
horizon feature and can be regarded as an effective
approach to show the thermal nature in the near-
horizon region.
Therefore, a clear recipe has been presented in this ar-
ticle about the relationship between instability and the
thermality in the context of the horizon. However, the
specific unstable spacetime region is very small in the
neighbourhood region. Moreover, it is also shown that in
the quantum regime, this instability provides the auto-
matic emergence of the temperature to the system, which
is exactly equal to the Hawking expression. The way we
have studied here is very interesting. Within the various
known techniques the black hole system has been inves-
tigated. On this note, we feel that the results as well
as the techniques, introduced here, will not only have a
significant impact in the area of black hole physics, but
also may uncover several unknown sides of the horizon .
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Appendix A: Evaluation of κ˜, Θ and σab for the null
vector (7) in the background (5)
Non-affinity parameter κ˜ – The null normal vector field
la of any null hypersurface generates a null geodesic con-
gruence. The non-affinely parametrised geodesic equa-
tion is given by
lb∇bla = κ˜la , (A1)
where κ˜ is called the non-affinity parameter. In order to
find κ˜ for the geodesic curves, given by (7), first we need
to compute the gradient of the null normal (∇bla). We
have already computed the components of la in Section
(II) (see Eq. (8)). Therefore, the components of ∇bla in
EF coordinates are obtained for the metric (5) as
∇bla =

1
2
f(r)f ′(r)
f(r)−2
1
2
(f(r)−4)f(r)f ′(r)
(f(r)−2)2 0 0
f ′(r)
2
1
2
(f(r)−4)f ′(r)
f(r)−2 0 0
0 0 − 12 f(r)h
′(r)
f(r)−2 0
0 0 0 − 12 f(r)h
′(r)
f(r)−2 sin
2 θ
 . (A2)
Using the values of the ∇bla components we obtain
lb∇bla =
(
2f ′(r)f(r)
(f(r)− 2)3 ,
2f ′(r)
(f(r)− 2)2 , 0, 0
)
. (A3)
Using the geodesic equation (A1) and comparing Eq.
(A3) with the expression of Eq. (8), we deduce the value
of κ˜ as
κ˜ =
2f ′(r)
(f(r)− 2)2 . (A4)
Expansion parameter Θ – The expansion parameter of
the congruence of geodesics Θ is defined as
Θ = qab∇alb , (A5)
where qab is the transverse part of the metric gab, defined
as
qab = gab + lanb + lbna . (A6)
Here na is an auxiliary null vector field satisfies l
ana =
−1. Therefore using (A1) and (A6) in (A5), the param-
eter Θ can be expressed in terms of la and κ˜ as
Θ = ∇ala − κ˜
=
1√−g ∂a(
√−g la)− κ˜ , (A7)
where g is the determinant of the metric. Since, in this
case the determinant of the metric (5) is g = −h2(r) sin2 θ
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and la is given by (7), Eq.(A7) yields
Θ =
1
h(r) sin θ
∂r
[
h(r)f(r)
2− f(r) sin θ
]
− κ˜ . (A8)
Next using (A4) in the above we obtain the expression of
the expansion parameter
Θ =
h′(r)f(r)
h(r)(2− f(r)) . (A9)
Shear parameter σab – The shear parameter σab of the
congruence of geodesics is defined as
σab =
1
2
(bab + bba −Θqab) , (A10)
where bab is the orthogonal component of ∇alb projected
by qab:
bab = q
c
aq
d
b∇cld . (A11)
Using (A2) in (A11) one can easily calculate each com-
ponent of σab. This can be readily shown that each term
of σab vanishes i.e.
σab = 0 . (A12)
Appendix B: Detector response in (1 + 1)
dimensional Schwarzschild background
In section (VI B) we studied the transition probability
for an atomic detector which is interacting with scalar
field, moving very close to the horizon. It is found that
it will register particle in the Boulware vacuum. This
was done numerically. Here we shall present an analyt-
ical approach when the detector is moving throughout
the spacetime along our chosen null path, which near
to the horizon leads to unstable trajectory (14). The
metric will be chosen to be Schwarzschild black hole in
(1+1) spacetime dimensions. Two dimensional case is an-
alytically solvable and since we will be interested to find
the detected temperature, it is sufficient to consider two
dimensional situation. Here both ingoing and outgoing
detectors will be studied. We shall adopt the previous
atomic detector model and so the working formula for
transition probability is given by (37).
The Schwarzschild metric in (1+1) dimensional space-
time in Schwarzschild coordinates (ts, r) is given by
ds2 = −f(r)dt2s +
dr2
f(r)
, (B1)
where f(r) =
(
1− rHr
)
. The horizon located at rH = 2M
where M is the mass of the black hole. In the Eddington-
Finkelstein coordinates (t, r) the metric transforms into
ds2 = −
(
1− rH
r
)
dt2+
2rH
r
dtdr+
(
1 +
rH
r
)
dr2 . (B2)
In this case the tortoise coordinate is given by
r∗ = r + rH ln
( r
rH
− 1
)
. (B3)
In the following calculation we shall choose the unit such
that ~ = 1.
1. Outgoing detector
The outgoing null path can be determined as earlier.
The detector is moving from horizon to radial infinity. In
this case the tangent of the path is is determined by the
t and r components of (7). Therefore the path is found
to be the solution of
dr
dt
=
r
rH
− 1
r
rH
+ 1
. (B4)
Performing the above integration we obtain
t = r + 2rH ln
[
r
rH
− 1
]
. (B5)
We have already found the positive frequency mode cor-
responding to the detector (see Eq. (39)). Next, we
need to find the positive frequency Boulware mode for
the massless scalar field i.e. uν and for that we need
to solve the Klein-Gordon (KG) equation φ = 0 un-
der the background (B2). Since the detector is outgoing,
the scalar mode under investigation will be ingoing one.
This is given by (42). Now, substituting everything in
the general form (37) (i.e. use (B5) and (42) along with
(B3)) with τ = t and re-expressing it in terms of the
radial coordinate we obtain
P↑ = Q2
∣∣∣ ∫ ∞
rH
dr
(
r
rH
+ 1
r
rH
− 1
)
ei(2ν+ω)r
×
(
r
rH
− 1
)2irH(ν+ω) ∣∣∣2 . (B6)
Changing the variable as ( rrH − 1) = y, we find
P↑ = Q2
∣∣∣rH ∫ ∞
0
dy
(
y + 2
y
)
ei(2ν+ω)rH(y+1)
× y2irH(ν+ω)
∣∣∣2
= Q2|I↑1 + I↑2|2 , (B7)
where
I↑1 = rHei(2ν+ω)rH
∫ ∞
0
dy y2irH(ν+ω)
×ei(2ν+ω)rHy (B8)
and
I↑2 = 2rHei(2ν+ω)rH
∫ ∞
0
dy y2irH(ν+ω)−1
×ei(2ν+ω)rHy . (B9)
These integrations can be performed using the general
formula (58) and following the prescription as performed
in section VII. This leads to
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I↑1 = rHei(2ν+ω)rH exp
[
− (1 + 2irH(ν + ω))
(
ln |(2ν + ω)rH | − ipi
2
sign[(2ν + ω)rH ]
)]
Γ (1 + 2irH(ν + ω)) (B10)
and
I↑2 = 2rHei(2ν+ω)rH exp
[
− 2irH(ν + ω)
(
ln |(2ν + ω)rH | − ipi
2
sign[(2ν + ω)rH ]
)]
Γ (2irH(ν + ω)) . (B11)
Substituting them in Eq. (B7) and performing the mod-
ulus square, we finally obtain the expression for the tran-
sition probability as
P↑ = Q2
4pirHν
2
(2ν + ω)2(ν + ω)
× 1
e4pirH(ν+ω) − 1 .(B12)
This thermal in nature and the temperature is identified
as
T =
1
4pirH
, (B13)
which is the Hawking expression for Schwarzschild black
hole.
2. Ingoing detector
The detector is now approaching towards the horizon
from radial infinity. In this case the null trajectory is cho-
sen to be along the tangent, which is normal to ingoing
null Krushkal-Szekeres coordinate V = constant surface.
This is defined by
V = ± exp(κv) + 1 , (B14)
where V = 1 is the horizon. The observer’s coordinates
are chosen to be outgoing Eddington-Finkelstein coordi-
nates (u, r). Then the EF timelike coordinate (t) is given
by Eq. (48). In these coordinates (t, r) the metric (B1)
takes the following form:
ds2 = −f(r)dt2+2(f(r)−1)dt dr+(2−f(r))dr2 . (B15)
Now as earlier, the tangent to the path is given by
la =
(
1,
f(r)
f(r)− 2
)
(B16)
and
la =
(
f(r)
f(r)− 2 ,−1
)
. (B17)
Therefore again the detector is moving along the radial
direction only and the trajectory is determined by
dr
dt
=
1− rrH
1 + rrH
. (B18)
Performing the integration in Eq. (B18) we obtain the
solution of t as
t = −r − 2rH ln
[
r
rH
− 1
]
. (B19)
Since the detector is ingoing, we shall investigate the out-
going Boulware scalar mode, given by
uν = e
−iν(ts−r∗) . (B20)
Substituting all these in (37) and proceeding in the previ-
ous way one finds that the transition probability is same
as (B6). Therefore the final expression is given by (B12).
Hence the ingoing detector will register particle in the
Boulware vacuum with Hawking temperature (B13).
Appendix C: A note on thermality through
Gutzwiller’s formula
In our earlier work [25] the quantum thermal character
of our xp Hamiltonian was revealed using Gutzwiller’s
formula [42, 43]
g(E) = − i
~
∑
l
Tl
||MBA,l − 1|| 12
exp
[
i
~
Sl(E)− iµlpi
2
]
,
(C1)
to derive the density of states (DOS) of a system. The
DOS is given by
ρ(E) = − 1
pi
Im(g(E)) . (C2)
The meaning of each of the term is given in [25]. We
already showed in [25] that for our Hamiltonian the DOS
is thermal in nature. The whole focus was to evaluate
the Jacobi action
Sl(E) =
∮
pdx , (C3)
for the lth closed orbit. Since the Hamiltonian corre-
sponds to an unstable trajectory, in order to perform
the closed integration in (C3) an analytic continuation to
complex plane approach was adopted. Transforming to
IHO Hamiltonian, the frequency like quantity was com-
plexified which led to harmonic oscillator Hamiltonian.
The trajectory is now closed and the action was obtained
to be as
Sl(E) =
2piiEl
κ
. (C4)
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This yielded the thermal density matrix as
ρ(E) =
1
~κ
∑
l
1
sinhpi
e−
2piEl
~κ cos
µlpi
2
, (C5)
with the temperature is given by (34). See [25] for de-
tailed calculation.
Here we shall show that the action (C4) can also be
obtained in a different way. Since our Hamiltonian (24)
is valid very near to the horizon, we consider a closed path
which encircles the horizon x = 0 in a circular trajectory
with a very small radius (say → 0) as shown in Fig. 3.
Re x axis
Im x axis
xHqA qB
FIG. 3. The contour diagram across the horizon where the
horizon is at xH
Actually the path is one which starts just outside the
horizon, enters through it and comes back again. So it
crosses the singular point x = 0. To avoid this a complex
path has been chosen and since the relevant contribu-
tion comes from the singularity, we have chosen a circu-
lar path as shown in Fig. 3. The choice of these types
of paths motivated from the semi-classical treatment of
Hawking effect in tunneling formalism, similar to what
we already discussed in Section VI A. Since the formula
(C1) is semi-classical in nature, we hope that such paths
are relevant here as well. With this the action of the
particle following the closed path is
Sl(E) =
∮
p dx =
El
κ
∮
dx
x
. (C6)
The above closed integration can be divided into two
parts:
Sl(E) =
El
κ
[∫ qB
qA
dx
x︸ ︷︷ ︸
I1
+
∫ qA
qB
dx
x︸ ︷︷ ︸
I2
]
(C7)
Now, the integration I1 i.e. when the particle is going
from qA to qB is evaluated as
I1 =
∫
qA→qB
dx
x
=
∫ 2pi
pi
ieiϑ
eiϑ
dϑ = ipi , (C8)
where in the above  is chosen to be the radius of the
circular path and we substituted x = eiϑ. Similarly, I2
is evaluated to be
I2 = ipi . (C9)
Finally, putting the values of I1 and I2 in (C7), we obtain
the same expression of the action as in (C4).
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